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A phenomenological model for the undulating twist grain
boundary-C* phase

P. A. PRAMODY, YASHODHAN HATWALNE and N. V. MADHUSUDANA#*
Raman Research Institute, Bangalore 560 080, India

(Received 2 August 2000; accepted 24 August 2000)

We propose a simple phenomenological model which is able to account for the various twist
grain boundary (TGB) phases, including the recently discovered undulating twist grain
boundary-C* (UTGBc~ ) phase. In the UTGBc+ phase, the smectic C* (SmC*)-like blocks
and the grain boundaries separating them undulate to form a two-dimensional square lattice
perpendicular to the TGB helix axis. We treat the grain boundaries separating adjacent smectic
blocks as interfaces with an anisotropic interfacial tension. At moderate chiral strengths we
find a TGBA-TGBc—SmC* sequence. As the chiral strength is increased this goes to the
sequence TGB,—~UTGB:—SmC*. Such sequences have been observed experimentally.

1. Introduction

The analogy between the nematic—smectic A transition
in liquid crystals and the normal metal-superconductor
transition was established by de Gennes [1,2]. Renn
and Lubensky exploited this analogy to predict the twist
grain boundary (TGB) phase of liquid crystals made of
chiral molecules [3,4]. The TGB phase is to smectic
liquid crystals as the Abrikosov flux lattice phase [5, 6]
is to type-II superconductors. In a smectic A (SmA)
phase the molecular (Frank) director plays the role of
the vector potential for a special class of gauge trans-
formations which satisfy i — i+ Vy, with V?y = 0, and the
strength of chiral interaction is like the external magnetic
field in the case of superconductors. Screw dislocations
in SmA are like flux tubes in superconductors. However,
in contrast to the triangular Abrikosov flux lattice, the
screw dislocations in the TGB, phase are arranged as
a regular helical array of twist grain boundaries, as
represented in figure 1. Independently of the theoretical
prediction, Goodby et al. discovered such a phase [7].
Subsequent freeze fracture experiments confirmed the
presence of arrays of screw dislocations in the TGB,
structure [ 8].

The detailed theoretical analysis of Renn and
Lubensky [ 3], which led to the prediction of the TGB,4
phase, closely follows that of Abrikosov for type-1I
superconductors. Type-II SmA is transformed to the
TGB, phase if the strength of chiral interaction exceeds
a critical value (the lower critical field) at which the
chiral energy gain from the twist overcomes the energy
cost of creating screw dislocations. The upper critical
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Figure 1. A schematic diagram of the TGB, structure. The
pitch of the structure is determined by the distance /4
between the screw dislocations within a grain boundary,
the distance /, between grain boundaries and the smectic
layer spacing d. In TGB.4, /4 and /, are typically of the
order of a few hundred angstroms.

chiral strength is given by the limit of stability of the
cholesteric phase (the liquid crystal analogue of a normal
metal in an external magnetic field) to the formation
of the TGB, phase. Benguigui [9] has very recently
shown that near the weakly first order SmA—cholesteric
transition, the interfacial tension between these phases
can become negative for a sufficiently large Ginzburg
parameter (the ratio of twist penetration depth to the
correlation length), i.e. for type-II materials. This should
favour the formation of screw dislocations near the
transition temperature.

The rich variety of layered smectic phases has motivated
the experimental search for and theoretical analysis of
new types of TGB phases. Renn and Lubensky [10]
also predicted a TGB¢ phase in which the layer normals
of the smectic C (SmC)-like blocks are parallel to the
planes of the twist grain boundaries. In the TGB. phase
discovered by the Bordeaux group [11] the layer
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normals of the successive SmC-like blocks rotate on a
cone about the helix axis. This phase has a helielectric
structure which is different from that of the theoretically
anticipated ferroelectric TGB¢ phase. Dozov has pro-
posed a melted grain boundary (MGB) model for the
Bordeaux TGB¢ [12]. Whereas in the dislocation grain
boundary model the molten regions are confined to the
cores of the dislocations, in the MGB model the order
parameter vanishes on entire surfaces. We however note
the following: (i) screw dislocations have been seen in
freeze fracture experiments in the TGB, phase [8], and
(i) though in the first compound studied the TGB¢
phase forms directly from the isotropic phase, later studies
on other compounds have shown that the Bordeaux
TGBc phase also forms from the TGB, phase on cooling
[11]. We also point out that using a covariant elasticity
theory for type-II SmC, Hatwalne and Lubensky [13]
have shown that the lowest energy dislocations are not
pure screw dislocations. The mixed dislocations which
are tilted with respect to the layer normal favour the
Bordeaux TGB¢ structure.

On theoretical grounds Renn [14] predicted a
TGBc+ phase in which heliscrew dislocations corres-
ponding to the pitch of the SmC* liquid crystal produce
a superstructure over and above that of the TGB helix
produced by screw dislocations in the SmC* layer
structure. In our view such a structure has not yet been
found experimentally.

Recently a three-dimensionally modulated TGB
phase was experimentally observed in a binary mixture
of mesogenic compounds in this laboratory [ 15]. Based
on various experimental observations the structure
schematically shown in figure 2 was proposed for this

Smectic

blocks Grain boundary

region

Smectic
layers

N
Frank
director

NG -

Figure 2. A schematic representation of the proposed structure
for the UTGBc+ phase. The two-dimensionally undulated
grain boundary regions are shown. The smectic layer
normals (large arrows) rotate from block to block. Within
each block the Frank-director precesses along the layer
normal direction as represented by the nails for the
lowermost block.

liquid crystal. Calorimetric experiments have shown
that this phase is thermodynamically stable [ 16]. The
main structural features of this undulating twist grain
boundary-C* (UTGBc«) phase are as follows: (a) the
smectic blocks have a SmC*-like local order, and (b) the
grain boundaries separating adjacent blocks as well as
the blocks themselves have periodic undulations in the
form of a square lattice—all the grain boundaries and the
blocks undulate along two orthogonal directions normal
to the TGB helix axis (figure 3). Recently, Kuczynski
and Stegemeyer [ 17] have also seen a modulated TGB
structure in a binary mixture. They attribute this to the
TGBc- structure proposed by Renn. We feel that their
observation of the square grid indicates that the structure
corresponds to that of the UTGB¢« phase. A compre-
hensive review of the various TGB phases has been
given by Goodby [18].

More recently, some single component systems exhibit-
ing square grid textures have been discovered [19,20].
In the compound studied in [20], X-ray diffraction
experiments show that in the TGB, phase the w-scans
produce a Gaussian profile with a characteristic width
of about 6.6°, whereas in the modulated TGB phase
this width is about four times larger. Based on this
observation the authors conclude that the smectic layer
normals within the blocks are not strictly orthogonal to
the helix axis of the modulated TGB phase. Further, the
lattice spacing of the square grid remains constant with
temperature, unlike in the UTGB¢« phase reported in
[15], in which the spacing shows a diverging behaviour
very close to the UTGBq-TGB, transition. From
our experiments [ 15] we cannot determine whether the
smectic layering in the UTGBc« phase is distorted.

In this paper we propose a simple model for the
UTGBc+ phase in which we treat the grain boundaries
as interfaces with anisotropic interfacial energy. We show

(a)
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Figure 3. A schematic representation of (@) a smectic C*
block with parallel interfaces, and (b) a smectic C* block
with undulating interfaces. In (a) the director makes
various angles with the interface whereas in (b) the director
is everwhere parallel to the local tangent plane to the
interface.
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that this model reproduces experimentally observed
phase sequences. Our principal results are summarized
in the phase diagrams shown in figures 4 and 5. In what
follows we discuss the basic physical motivation behind
our model.

2. The interface model

Even for the TGB, and TGB phases a first principles
defect-lattice analysis which gives all the structural
details (like the dislocation spacing within a grain
boundary and the distance between grain boundaries) is
not yet available. For the UTGB¢+ phase and related
phase transitions such an analysis is clearly very com-
plicated. We therefore content ourselves with a simplified

TGB,
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Figure4. The T-j phase diagram showing the stability
regions of the various phases for 4 = 0.039. Note that the
line separating the UTGB¢+ and the TGBc phases has a
positive slope.
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Figure 5. The T-A phase diagram showing the stability
regions of the various phases with 7 = 0.072. The vertical
dashed line corresponds to the lower critical field
A, = \/Ky. Below 4, the TGB phases are unstable.

phenomenological theory which we believe captures
most of the essential physical features of the problem.
Our main aim is to show that it is possible to have an
equilibrium TGB structure having SmC*-like blocks
separated by undulating grain boundaries.

Small angle grain boundaries in smectic liquid crystals
are arrays of dislocations. Far away from the grain
boundary the smectic layering is undistorted. Detailed
line shape analysis of the quasi-Bragg X-ray diffraction
spots corresponding to the TGB, and TGB. phases
[21,11] indicates that the smectic order within the
blocks is well preserved. On the other hand, the smectic
order within the grain boundaries is relatively weak
due to the presence of screw dislocation arrays and
the resultant twist deformation across them. It there-
fore appears reasonable to coarse-grain the dislocated
structure of the grain boundary and treat it as an inter-
face for studying the bulk properties of the TGB phases.
It is also natural to expect that the ‘interfacial tension’
(grain boundary energy per unit area) is anisotropic,
as in smectic-nematic and smectic—isotropic interfaces
[22,23].

We study the relative stability of the TGB phases and
the SmC* phase as a function of temperature, the aniso-
tropic interfacial tension and the chiral strength. For the
sake of simplicity, we keep the size of the smectic-like
blocks and the grain boundary angle in the TGB phases
fixed. Experimentally it is known that the TGB, and
the TGB¢ phases can be commensurate [24, 117]. It is
not clear whether the UTGB¢+ phase is commensurate
or not. In the proposed structure of the UTGB¢:+ phase
(see figure 2) each block is characterized by (i) a pair of
orthogonal wave vectors of equal magnitude (¢,X, ¢,¥)
corresponding to the undulation (this pair is the same
for all the blocks), and (ii) a wavevector ¢, of the
helical pitch which is along the layer normal of the mth
block. The angle f3,, between ¢, and the X-axis has an
important structural significance. If tan f8,, is irrational,
one cannot define a unit cell for the structure in the mth
block. We disregard this possibility and simplify our
calculations further by assuming that the twist angle
across the grain boundaries in the UTGB¢+ phase is ©/4
(see figure 2), even though the measured values of this
angle in the TGB, and the TGB. phases are smaller
[24,11]. We believe that this simplifying assumption
does not make a qualitative difference in our phase
diagram. With these assumptions we calculate the free
energy for the UTGB¢+ structure by making an ansatz
for the blocks and the grain boundary regions.

For small chiral strength and small tilt angles, we
expect a transition from the TGB, phase to the TGB¢
phase, provided the interfacial tension is large enough.
This is reminiscent of surface stabilized ferroelectric
liquid crystal systems [ 25] in which the SmC* helix gets
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unwound because of strong surface anchoring. For larger
values of the chiral strength and for a given temperature
(and hence tilt angle), we expect a transition from the
TGBc phase to the UTGBc+ phase. This is because the
chiral energy that can be gained in the bulk by having
SmC*-like blocks overcomes the price to be paid at
the interfaces. In the UTGB¢+ phase the interfaces are
modulated for reasons described below.

Chiral interactions favour a twist deformation in the
Frank-director. This tendency is expressed by the term
linear in (n V X n) in the Frank free energy expression
[1,4]. The director distortion is a pure twist if the
director is confined to a set of parallel planes orthogonal
to the twist axis, as in the cholesteric phase. This is
the case in TGB, and TGB¢ structures, where planes
containing the director are always parallel to the grain
boundaries. However, if the director configuration is
close to that of SmC*, as in UTGBc«, then a flat grain
boundary is not the best way of maximizing the twist
deformation across it. For simplicity, let us consider a
single SmC* block bounded by grain boundaries on
both sides. If the grain boundaries are flat the molecular
tilt directions in different smectic layers make varying
angles with respect to the grain boundaries as shown
in figure 3 (@), which is not energetically favoured in
view of the anisotropic interfacial tension. Further, the
distortion across the grain boundaries can no longer
have the character of a pure twist. On the other hand,
if the grain boundaries are allowed to undulate with the
same periodicity as the SmC* structure, the director
can be parallel to the local tangent plane of the grain
boundary at all points as shown in figure 3(b). This
increases the value of (n V x n) in the grain boundary
region, thus lowering the net free energy. In our model
this preference for the interface to lie parallel to the local
director is taken into account via an anisotropic inter-
facial tension discussed below. Experimental observations
suggest that the grain boundaries have a two-dimensional
modulation with mutually orthogonal wave vectors.
Also, all the grain boundaries undulate along the same
two directions. But the smectic layer normal rotates
from block to block. Therefore, in general, the director
configuration is different in neighbourin g blocks. Even so,
the analysis presented here in which the grain boundaries
are assumed to be interfaces with an anisotropic inter-
facial energy shows that the grain boundary energy is
lower for an undulating grain boundary compared with
that for a flat one. The modelling of the grain boundaries
and smectic blocks is described below.

In the TGB, and the TGB phases the grain boundaries
are flat and are orthogonal to the TGB helix axis. In
the former the twist deformation decays exponentially
on going away from the grain boundaries [26]; the
grain boundary regions are highly distorted. If /; is the

separation between screw dislocations within a TGB,4
grain boundary and & the energy per unit length of the
dislocation, the dislocation energy per unit area of
the interface can be estimated to be y=~ ¢/l;, where y can
be treated as an ‘interfacial tension’, for the director
lying parallel to the interface. In our treatment, the free
energies of the TGB¢ structure predicted by Renn and
Lubensky and that found by the Bordeaux group are
the same.

In the case of the UTGB¢+ phase the interface develops
undulations along two mutually orthogonal directions.
This can be expected to cost additional interfacial energy.
If the TGB helix axis is taken to be along the Z-axis, the
undulation can be described by a height function A(x, y).
The simplest form of 4 which gives a two-dimensional
modulation of period 2r/g, is

hix, y) = A cos(q,x)+ A cos(q,p). (1)

The interfacial energy per unit projected area on the
XY-plane is given by

Jine= [ 1+ (V)Y + (V0] (2)

As already described, the director prefers to be parallel
to the interface. Any deviation from this preferred
orientation costs energy. This is analogous to the aniso-
tropic interfacial tension at a SmC*—isotropic interface
[23,27]. This anisotropic energy cost can be expressed
as

ﬁiniso = '}7(“ 1)2 (3)
where n is the Frank-director, 1 is the unit normal to the
interface and §> 0. For small amplitude undulations

(= Vi h, =V ,h 1)

C [+ (VAP + (V7]
Introducing interfaces is favourable when the chiral
energy gained due to the twist across the interface

exceeds the positive contribution given by fin,+ finiso-
In the TGB, phase, the average rate of twist is given by

A
(Gugp) = ((m V><n)>=l—/g (5)

b

(4)

where Af is the angle between the smectic layer normals
of any two adjacent blocks. This twist across each
interface gives an average gain in the chiral energy per
unit volume [3]
ftwist: - A qtgb> = _AAI_ﬁ (6)
b
where A is the chiral strength.

It is known from experimental studies [28, 15] that
as the temperature is reduced, the pitch increases in the
cholesteric and the TGB phases. This increase is quite
sharp in the TGB. and the UTGB¢+ phases. However,
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for the sake of simplicity, we assume that Af and /,
(and hence the TGB pitch) remain constant, independent
of temperature in all the TGB phases. Thus, we assume
that equation (6) for the twist energy holds even in the
UTGBc+ phase.

We are mainly interested in the various phases that
can occur below the TGB, phase when the local smectic
ordering within the layers changes from SmA-like to
SmC-like. Below a certain temperature T,c, the smectic
layers develop tilt order. The TGB blocks can then be
either SmC-like (unwound SmC*) or SmC*-like. We adopt
a simple Landau theory for the SmA—SmC* transition
[29, 257, instead of the detailed Chen—Lubensky theory
[30].

In the TGB phases, let the TGB helix axis be along
the Z-axis. To describe the structure within a given
block, we choose a local co-ordinate system (X', Y', Z')
which is rotated about the Z-axis such that the X'-axis
makes an angle § with respect to the space-fixed X -axis.
Thus, in the TGB, and the UTGB.+ phases, f§ is the
angle between the smectic layer normal of that block and
the X-axis. In the TGBc phase, f is the angle between
the projection of the layer normal of that block on the
XY-plane and the X-axis. The components of the Frank-
director in a given block are then given by n,, = cos 6,
n, = sin 0 cos ¢, n, = sin 0 sin ¢, where 0 is the tilt angle
and ¢ is the angle the c-vector, which is the projection of
the Frank-director on the plane of the layers’ (Y'Z'-plane),
makes with respect to the Y’-axis.

In the TGB: phase, the c-field is assumed to be
uniform within any given block. In the UTGBc« phase,
however, the c-vector precesses along the layer normal
in each block. Assuming 6 to be small, the free energy
density of the TGB blocks can be written in the form
[29,25]

a b K. 0
fblock — 5024‘ 1044‘ ?QZ(V’¢)2+ A02_¢

ox’'
Ky (. 0 0¢
- 0(sm¢ay,+ cosd)az,)

0¢

- K. 6® (sin ¢§—jj+ cos d)—)%

ox’' 7

oz
where a = a(T — Tac). K. is the elastic constant corres-
ponding to twist deformations in the c-field. A pure
twist deformation in the c-field involves both twist
and bend in the Frank-director-field. The term with
the coefficient K. is obtained by using the usual one
elastic constant approximation in the Frank free energy
expression. The term with the coefficient A is responsible
for the spontancous twist of the c-vector in the SmC*
phase. The term with the coefficient K§ is allowed by
symmetry since the medium is chiral. Physically, this

term arises because an in-plane bend in the c-field
produces a twist in the n-field and hence there can be a
gain in chiral energy for a particular sign of bend. The
last term describes a cross-coupling between the twist-
and bend-deformations in the c-field of neighbouring
layers. It should be mentioned that in writing the
above expression we have ignored all polarization effects.
This is because in the harmonic approximation the
polarization-dependent terms merely renormalize some
of the coefficients in equation (7).

As already explained, any deviation of the director
from the local tangent plane of the interface costs
additional energy finiso. If the director has to be parallel
to the interface, the condition (n 1)= 0 should be satis-
fied. For small amplitude modulations, with the height
function (1) transformed to the block fixed frame, this
condition for a block with = 0 becomes

Agq, sin(q,x")+ Agq, tan 0 cos ¢ sin(q,y")
+ tan 0 sin ¢ = 0. (8)

The above equation has no analytical solution and
numerically we could not find a solution which gives
a continuous spatial variation of ¢. Therefore, we look
for director profiles which (i) give a smooth variation
of ¢(x',y") within a block and (ii) lower the value of
((m 1)® compared with that for a perfect SmC* structure
within the block. We find that the following ansatz
for the ¢-distribution in a block with = 0 satisfies the
above criteria:

¢(f=0)= —qux'—tan” '[tan 0sin(q.}")].  (9)

This generates a continuous variation of ¢ along the local
smectic layer normal, which is parallel to the X'-axis
and a periodic distortion within the layers along the
Y'-axis.

The description of the block structure clearly depends
on f§. The undulation already fixes a square lattice with
a periodicity 2rn/q,. We note that if tan f is an irrational
number, it is not possible to define a 2D unit cell over
which the structure (undulation and the ¢(x', y')-profile)
repeats itself and hence to evaluate the average energy
per unit area. The geometrical aspects of problems of
this type have been discussed in great detail in relation
to 2D incommensurate structures and quasicrystals [31].
This interesting problem is very complicated and we
shall not persue it in this paper.

We simplify the problem drastically by assuming that
in all the TGB phases § can take only values given by
mr /4, where m labels the block number. It is then clear
that the unit cell of the square lattice given by the
undulations is adequate for calculating the average
energy referred to above. Further, along the TGB helix
axis (Z-axis), we have to average only over two blocks,
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one with =0 and the other with = n/4, as all other
blocks are related by symmetry to these two. The square
grid structure of the UTGBc« phase is also consistent
with the even more drastic assumption that the twist
angle between successive blocks, A = r/2. This can lower
faniso compared with a structure with Af = n/4. Indeed,
Levelut et al. [32] have recently proposed that in the
smectic Q phase exhibited by some highly chiral com-
pounds with an underlying antiferroelectric structure,
AP can be w/2 or even 2xn/3. As discussed by these
authors, such structures have an extremely short pitch
(~100 A) and they are described in terms of Scherk’s
first surface as in the case of some diblock copolymers
[33]. On the other hand, the measured values of the
TGB pitch in the UTGB¢+ phase is ~1um and we
think that Af = r/2 is unlikely. In any case, with any set
of fixed values of A and /,, the qualitative features of
the phase diagrams are unlikely to change.

In analogy with equation (9), the director configuration
in a block with = mn/4 is now assumed to be

d(x', ¥ )= —q'x —tan” "[tan Osin(qg’y)]  (10)

where ¢'(B = mn/4) = ¢, /(sin B+ cos B).

In writing the above ansatz we have assumed that
within the blocks ¢ is constant along Z’, which is the
TGB twist-axis direction, since most of the twist dis-
tortion is confined to the grain boundary region. In the
TGB, and TGB¢ phases, ¢ is constant along X’ and Y’
also. But in the UTGBc« phase, ¢ varies continuously
along X' and oscillates along Y. With the ¢-profile
given by equation (10), the contribution from the last
two terms in equation (7) with coefficients K and K.,
integrated over a unit cell of the square lattice, vanishes.
Therefore, the free energy density of the blocks can be
written in the form

2 2
Jotoek = gf)z+ 20‘# %02[(:—?) + (g) ]
+ AHZ%. (11)
ox’

In the cholesteric phase, the equilibrium wave number
obtained by minimizing the Frank free energy expression
is g, = — A/K, where K is the twist elastic constant. In
practice, the pitch of the cholesteric increases as the
temperature is lowered. The pitch in the TGB, phase
can be expected to be larger compared with that in the
cholesteric phase. Experimentally the pitch increases
continuously on going from the cholesteric to the TGB,
phase [15, 28]. In our calculations we neglect the tem-
perature dependence of the pitch in the TGB phases and
assume ( i) = gof2= — A2K in all the TGB phases.
Since Afj = nt/4, there are eight blocks in a TGB pitch.
Thus, [, = n/4|( Ggw) | = TK/4A.

The various TGB phases and the SmC* phase can be
described as

TGBA:0=0, l=n/4{qew) |, ¢u.=0;

TGBc:0+#0, ¢=const, by=n/4{qe) | ¢u=0;
UTGBe:0#0, ¢=¢(x,y), =1/ Ggo)|s ¢u#0;

SmC*:0+0, ¢=gq.x, = o0;

where ¢, corresponds to the periodicity of the two-
dimensional modulation of the interface as described by
equation (1) and ¢, = — A/K, to that of the equilibrium
SmC* pitch obtained from the free energy density
equation (11).

In the SmC* phase, the free energy density given by
equation (11) reduces to

b A?

Joo = =Pt —0F —
<72 4 2K,

02, (12)

In the TGB, phase, the average energy per unit
volume, which is just the sum of the average interfacial
energy fini, and the twist energy, fiwisi, 1S

v AAB
frow =1 (13)

where Af is assumed to be n/4 as in the UTGBc+ phase.
There is no contribution to fTGBA from fyiock, since 6 =0.
In the Renn-Lubensky model, the TGB, phase is
unstable with respect to the SmA phase as the temper-
ature is lowered. This is because the dislocation energy
which depends on the smectic layer compression modulus
increases with reduction in temperature. This factor also
contributes to the TGB-.—SmC* transition in their model
[3,10]. In our model this is equivalent to an increase
in y. As we have ignored the temperature dependence
of y, we do not get TGB,—SmA or TGBA,—SmC*
transitions.

In the TGB. phase ¢ is constant in a given block
and the only contributions to the free energy density
from the smectic blocks are from the first two terms in
equation (11), which are independent of ¢. The interfacial
part is the same as that for the TGB,. Thus, the average
free energy density of the TGB. phase is

3 ae2 b94
fTGBC_fTGBA+§ +Z . (14)

Unlike in the TGB, and TGBc¢ phases, the block
energy in the UTGB+ phase depends on the orientation
of the smectic layer normal with respect to the undulation
wave vectors. Therefore, the total free energy density has
to be averaged over a three-dimensional unit cell. The
unit cell is defined by the lattice spacing of the interface
modulation a = 2n/q, and the TGB pitch p,, = T/{ Gigv) -
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Using equations (2), (3), (6) and (11) for fine, faniso> fiwist
and fyock, respectively, the averaged total free energy
per unit volume is

1 N qu 2n/q’ 2n/q’
-~ | L ae| e
fUTGBC* N & e L L )V

fint ﬁiniso
X fblock+ ftwist+ -+ (15)
L L )

where N denotes the number of blocks within a TGB
pitch. We minimize the averaged energy density fUTGBC*
with respect to the undulation amplitude 4 and the wave
vector magnitude g,. We use the Gaussian Quadrature
method [34] for performing the integration and the
Simplex method [34] for the minimization.

We fix the constants o and b such that the temperature
variation of 0, where 0> = a(T%c— T)/b for T < Tic,
and Tkc= Tac — A*JaK, [25] agrees reasonably well
with the experimental data. We choose a value for K
which is typical of the cholesteric phase. For simplicity,
we take K, = K. A rough estimate of the grain boundary
energy per unit area for the TGB, phase near the lower
critical chiral strength A, is given by y=~ ¢&/ly= A,d/l,,
where ¢ is the energy per unit length of the screw dis-
locations [ 3]. With the values (in cgs units) A, = 0.04,
d=30x10"%and [, = 100 x 10" ® we get y = 1.2 x 1072,
Note that this is of the same order of magnitude as the
interfacial tension estimated for the smectic—isotropic
interface (~10~>dyncm™ ") [23]. The anisotropic part
of the interfacial tension for the smectic—isotropic
interface is typically about 1.5 times larger [23].

Based on the above considerations, we choose the
following parameters for the calculations (in cgs units):
a=0.1x10* and h=500x 10°, K,=K=02x10"°,
1=30x 10"% and Tsc = 63.0°C. We calculate the average
free energy density as a function of temperature in the
various phases for different values of the chiral strength
A and the anisotropy in the interfacial tension §. The
results of these calculations are discussed below.

3. Results and discussion

Figure 4 shows the phase diagram obtained as a
function of 7§, which is the anisotropic part of the
interfacial tension. The temperature vs. chiral strength
phase diagram is shown in figure 5. The variations in the
lattice spacing and amplitude of the square modulation
as functions of temperature for specific values of A and
7 are shown in figures 6 and 7 respectively.

We are interested in understanding the relative
stability of the various phases that can occur below the
TGB, phase. Therefore, we always start with a TGB,
phase with T > T and chiral strength 4 = \/IT, which
is obtained using equation (13). Below T%c, the tilt
angle 6 becomes non-zero and increases with reduction
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Figure 6. Temperature dependence of the lattice spacing (2nt/q,)
of the square grid, obtained by minimizing equation (15)
with respect to 4 and ¢, for 4 =0.0396. Experiments
show that the lattice spacing drops sharply just below the
TGBA,—UTGB+ transition temperature and then remains
more or less constant throughout the UTGB¢+ range on
lowering the temperature [157].
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Figure 7. Temperature dependence of the amplitude A of the

height modulation for 4 = 0.0396. Note that 4 behaves

like an order parameter for the UTGBc+ phase.

in temperature as 0>~ o(T {c — T)/b. This increase in the
tilt angle at constant § and A has the following con-
sequences in the UTGB¢« phase. (i) Both the chiral
energy gain and the elastic energy cost from fyoc given
by equation (11) increase as 0°; the net gain in the bulk
is lower than that in the SmC* phase since the ¢(x', ')
profile described by equation (10) differs from that for
the SmC* phase. (ii) f;,, increases as the amplitude 4 of
the height modulation increases (figure 7). (iii) finiso
increases as the mismatch at the interface grows with 6.

First, let us consider the phase diagram constructed
as a function of § for a fixed chiral strength A (figure 4).
For large values of §, the TGB. phase is preferred
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over the UTGB¢+ phase mainly because the former has
faniso = 0. As the temperature is lowered the tilt angle
increases and at some stage the chiral energy gained in
the SmC* phase exceeds that from fuis+ fine in the
TGBc phase. Since f;,;s, = 0, this transition is independent
of 9. As 7 is reduced, the additional interfacial energy
cost from fiu+ faniso in the UTGBc+ phase becomes
small compared with the chiral energy gained in the
blocks with ¢(x', ') given by equation (10). Thus the
UTGBc+ phase is favoured over the TGB phase. But,
as 6 increases with decrease in temperature, fi,,+ finiso
also increases. Further, the energy cost from the ¢(x', y')
distortions reduces the net gain from f,;... These factors
cause the UTGB—SmC* transition. There is also a
narrow range of 7 in which there is a transition from
UTGBc+ to TGBc.

Next, we consider the stability regions of the various
phases for a fixed value of the anisotropic part of the
interfacial tension § (figure 5):

Moderate chiral strength. When the chiral strength is
increased beyond a critical value A4,, the gain in chiral
energy overcomes the energy cost from the interface.
Above T%c, the TGB, structure is favoured. Below
T%c, for small tilt angles, the chiral energy gained in the
bulk by having a helical structure (equation 10) is not
very significant compared with the energy gained across
a flat interface with f,;, = 0. This makes the TGBc
structure more favourable compared with that of SmC*.
As the temperature is lowered, the chiral energy gained
by letting the director precess along the smectic layer
normal increases as 0°. Below a certain temperature the
bulk energy gain in the SmC* phase exceeds that from
fiwist+ fine in the TGB¢ phase. The UTGBc. phase is
not favoured because fi., faniso and elastic energy from
Joiock also increase with tilt angle. Hence there is a direct
transition from the TGB¢ to the SmC* phase.

Large chiral strength. Interfaces are strongly favoured
for large values of A. The energy gained in the bulk by
having UTGBc« blocks becomes considerable even for
small tilt angles. But the gain in the bulk free energy
from the helical structure within the blocks alone is
less than that from an undistorted SmC* structure.
Nevertheless, the UTGBc+ phase is favoured because
the gain in energy from fi,i+ foiock 1S large enough
compared with the energy cost fini+ finiso- AS the tem-
perature is lowered, fi.+ funiso increases. Also, the
difference between the bulk energies of UTGB¢: blocks
and the SmC* phase becomes larger. For these two reasons,
there is a transition from the UTGB¢« to the SmC*
phase below a certain temperature. As A increases, the
UTGBc«—SmC* transition occurs at lower temperatures.

As in the case of the cholesteric to blue phase
transition [1], where a one-dimensionally modulated

structure transforms to a three-dimensionally modulated
one, the transition from TGB, to UTGB¢: and UTGBc-
to SmC* can be weakly first order. In the context of
our highly simplified model we have not explored such
details of the various transitions.

There have been some reports of observing a TGBc«
liquid crystal with a hexagonal rather than a square
lattice [ 17, 35]. In the framework of the model presented
above, it is easy to visualize a structure with three
undulatory waves whose wave vectors are at a mutual
angle of 2n/3 radians. A detailed calculation of the
relative stability of the resulting hexagonal and square
lattices is in progress.

4. Conclusion

We have carried out a simple analysis of the stabilities
of the various TGB phases. In our model, the grain
boundaries are treated as uniform interfaces. The blocks
and the grain boundaries in the UTGB.+ phase are
modelled using an ansatz based on experimental obser-
vations. Although many details of the structure of the
blocks and the grain boundaries are not included, this
highly simplified model is able to account for the relative
stabilities of the various TGB phases. For a detailed com-
parison with experiments the temperature dependences
of the various parameters must be taken into account.
The values of y and 7 as well as the elastic constants
can be expected to increase as the temperature is reduced.
This can, in principle, lead to the experimentally
observed increase in the TGB pitch with lowering of
temperature. In our analysis, we have ignored the tem-
perature dependence of these parameters. Nevertheless,
we believe that this simple model captures the physical
mechanisms responsible for the formation of these
complex structures.
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